Abstract. Let X be a smooth variety over Fp. Let E be a number field. For each nonarchimedean place λ of E prime to p consider the set of isomorphism classes of irreducible lisse E λ -sheaves on X with determinant of finite order such that for every closed point x ∈ X the characteristic polynomial of the Frobenius Fx has coefficents in E. We prove that this set does not depend on λ.
1. Introduction 1.1. Main theorem. Theorem 1.1. Let X be a smooth scheme over F p . Let E be a finite extension of Q. Let λ, λ ′ be nonarchimedean places of E prime to p and E λ , E λ ′ the corresponding completions. Let E be a lisse E λ ′ -sheaf on X such that for every closed point x ∈ X the polynomial det(1 − F x t, E) has coefficients in E and its roots are λ-adic units. Then there exists a lisse E λ -sheaf on X compatible with E (i.e., having the same characteristic polynomials of the operators F x for all closed points x ∈ X).
According to a conjecture of Deligne (see §1.2 below), Theorem 1.1 should hold for any normal scheme of finite type over F p . Remark 1.2. If dim X = 1 then Theorem 1.1 is a well known corollary of the Langlands conjecture for GL(n) over functional fields proved by L. Lafforgue [Laf] . More precisely, it immediately follows from [Laf, Theorem VII.6 ].
We will deduce Theorem 1.1 from the particular case dim X = 1 using a powerful and general method developed by G. Wiesend [W1] (not long before his untimely death).
Deligne's conjecture.
Here is a part of [De3, Conjecture 1.2.10)]. Conjecture 1.3. Let X be a normal scheme of finite type over F p , ℓ = p a prime, and E an irreducible lisse Q ℓ -sheaf on X whose determinant has finite order.
(a) There exists a subfield E ⊂ Q ℓ finite over Q such that for every closed point x ∈ X the polynomial det(1 − F x t, E) has coefficients in E. (b) For a possibly bigger E and every nonarchimedean place λ of E prime to p there exists a lisse E λ -sheaf compatible with E. (c) The roots of the polynomials det(1 − F x t, E) (and therefore their inverses) are integral over Z [p −1 ] In the case of curves Conjecture 1.3 was completely proved by Lafforgue [Laf, Theorem VII.6] . Using a Bertini argument 1 , he deduced from this a part of Conjecture 1.3 for dim X > 1. Namely, he proved statement (c) and the following part of (a): all the coefficients of the polynomials det(1 − F x t, E), x ∈ X, are algebraic numbers. The fact that the extension of Q generated by these algebraic numbers is finite was proved by Deligne [De5, EK] . Combining (a), (c), Theorem 1.1, and the main result of [Ch] one gets (b) in the case where X is smooth (one needs [Ch] to pass from E λ -sheaves to E λ -sheaves.)
1.
3. An open question. We will deduce Theorem 1.1 from the particular case dim X = 1 treated by L. Lafforgue [Laf] and a more technical Theorem 2.5 (in which we consider an arbitrary regular scheme X of finite type over Z[ℓ −1 ]). Following G. Wiesend [W1] , we will prove Theorem 2.5 "by pure thought" (see §2.4 for more details). Such a proof of Theorem 1.1 turns out to be possible because Wiesend's method allows to bypass the following problem. Question 1.4. Let X be an irreducible smooth variety over F q and let E be an irreducible lisse Q ℓ -sheaf of rank r on X whose determinant has finite order. Let K be the field of rational functions on X and let ρ be the ℓ-adic representation of Gal(K/K) corresponding to E. Is it true that a certain Tate twist of ρ appears as a subquotient of H i (Y ⊗ KK , Q ℓ ) for some algebraic variety Y over K and some number i ? L. Lafforgue [Laf] gave a positive answer to Question 1.4 if dim X = 1. Without assuming that dim X = 1, we prove in this article that ρ is a part of a compatible system of representations ρ λ : Gal(K/K) → GL(r, E λ ), where E ⊂ Q ℓ is the number field generated by the coefficients of the polynomials det(1 − F x t, E), x ∈ X, and λ runs through the set of all nonarchimedean places of E prime to p. Nevertheless, Question 1.4 remains open if dim X > 1 because it is not clear how to formulate a motivic analog of the construction from §4.1.
1.4.
Application: the Grothendieck group of weakly motivic Q ℓ -sheaves. Theorem 1.1 allows to associate to each scheme X of finite type over F p a certain group K mot (X, Q) (where "mot" stands for "motivic") and according to a theorem of Gabber [Fuj] , the "six operations" are well defined on K mot . Details are explained in §1.4.1-1.4.3 below.
Morally, K mot (X, Q) should be the Grothendieck group of the "category of motivic Q-sheaves" on X. (Here the words in quotation marks do not refer to any precise notion of motivic sheaf.) 1.4.1. A corollary of Theorem 1.1. Let X be a scheme of finite type over F p . The set of its closed points will be denoted by |X|. Let ℓ be a prime different from p and let Q ℓ be an algebraic closure of Q ℓ . Let Sh(X, Q ℓ ) be the abelian category of Q ℓ -sheaves on X and D(X, Q ℓ ) = D b c (X, Q ℓ ) the bounded ℓ-adic derived category [De3, . Now let Q be an algebraic closure of Q. Suppose that we are given a map (1.1) Γ : |X| → {subsets of Q × }, x → Γ x .
Once we choose a prime ℓ = p, an algebraic closure Q ℓ ⊃ Q ℓ , and an embedding i : Q ֒→ Q ℓ we can consider the following full subcategory Sh Γ (X, Q ℓ , i) ⊂ Sh(X, Q ℓ ): a Q ℓ -sheaf F is in Sh Γ (X, Q ℓ ) if for every closed point x ∈ X all eigenvalues of the geometric Frobenius F x : F x → F x are in i(Γ x ). Let D Γ (X, Q ℓ , i) ⊂ D Γ (X, Q ℓ ) be the full subcategory of complexes whose cohomology sheaves are in Sh Γ (X, Q ℓ , i). Let K Γ (X, Q ℓ , i) denote the Grothendieck group of Sh Γ (X, Q ℓ , i), which is the same as the Grothendieck group of D Γ (X, Q ℓ , i).
For any field E set A(E) := {f ∈ E(t) × f (0) = 1}.
A sheaf F ∈ Sh Γ (X, Q ℓ , i) defines a map
|X| is the group of all maps |X| → A(Q).
Lemma 1.5. This map is injective.
Proof. We have to show that if F 1 , F 2 ∈ Sh Γ (X, Q ℓ , i) have equal images in A(Q) |X| then they have equal classes in K Γ (X, Q ℓ , i). Stratifying X, one reduces this to the case where F 1 , F 2 are lisse and X is normal. Then use theČebotarev density theorem. Lemma 1.5 allows to consider K Γ (X, Q ℓ , i) as a subgroup of A(Q)
|X| . The next statement immediately follows from Theorem 1.1 and Conjecture 1.3(a) proved by Deligne [De5] . Corollary 1.6. Suppose that for each x ∈ |X| all elements of Γ x are units outside of p. Then the subgroup
|X| does not depend on the choice of ℓ, Q ℓ , and i : Q ֒→ Q ℓ .
In the situation of Corollary 1.6 we will write simply K Γ (X, Q) instead of K Γ (X, Q ℓ , i).
1.4.2.
Weakly motivic Q ℓ -sheaves and their Grothendieck group. Let us consider two particular choices of the map (1.1).
Definition 1.7. For x ∈ |X| let Γ mix x ⊂ Q × be the set of numbers α ∈ Q × with the following property:
there exists n ∈ Z such that all complex absolute values of α equal q n/2
x , where q x is the order of the residue field of x. Let Γ mot x be the set of those numbers from Γ mix x that are units outside of p.
In other words, Γ mot x is the group of Weil numbers with respect to q x .
Since Γ mix x is stable under Gal(Q/Q) the categories Sh Γ mot (X, Q ℓ , i) and D Γ mot (X, Q ℓ , i) do not depend on the choice of i : Q ֒→ Q ℓ . We denote them by Sh mot (X, Q ℓ ) and D mot (X, Q ℓ ). We also have similar categories Sh mix (X, Q ℓ ) and D mix (X, Q ℓ ). Definition 1.8. Objects of Sh mot (X, Q ℓ ) (resp. D mot (X, Q ℓ )) are called weakly motivic Q ℓ -sheaves (resp. weakly motivic Q ℓ -complexes).
Remarks 1.9.
(i) A result of L. Lafforgue [Laf, Corollary VII.8] (ii) According to [De3] and [BBD] , the category D mix (X, Q ℓ ) is stable under all "natural" functors (e.g., under Grothendieck's "six operations" ). The same is true for D mot (X, Q ℓ ), see Appendix B. (iii) Any indecomposable object of D(X, Q ℓ ) is a tensor product of an object of D mot (X, Q ℓ ) and an invertible Q ℓ -sheaf on Spec F p (see Theorem B.7 from Appendix B).
Corollary 1.6 is applicable to Γ mot x (but not to Γ mix x ). So we have a well defined group
Remark 1.10. Let C denote the union of all CM-subfields of Q. For any prime power q, the subfield of Q generated by all Weil numbers with respect to q equals C (see Theorem D.1 from Appendix D). So for any X = ∅, the kernel of the action of Gal(Q/Q) on K mot (X, Q) equals Gal(Q/C).
1.4.3. Functoriality of K mot (X, Q). By Remark 1.9(ii), the "six operations" preserve the class of weakly motivic Q ℓ -complexes. So it is clear that once you fix a prime ℓ = p, an algebraic closure Q ℓ ⊃ Q ℓ , and an embedding i : Q ֒→ Q ℓ , you get an action of the "six operations" on K mot . O. Gabber proved [Fuj, Theorem 2] that in fact, the action of the "six operations" on K mot does not depend on the choice of ℓ, Q ℓ , and i. By virtue of Theorem 1.1 and Conjecture 1.3(a) proved by Deligne, another result of Gabber [Fuj, Theorem 3] can be reformulated as follows: the basis of K mot (X, Q) formed by the classes of irreducible perverse sheaves is independent of ℓ, Q ℓ , and i.
1.5. Structure of the article. In §2.1-2.2 we formulate Theorem 2.5, which is the main technical result of this article. It gives a criterion for the existence of a lisse E λ -sheaf on a regular scheme X of finite type over Z[ℓ −1 ] with prescribed polynomials det(1 − F x t, E), x ∈ X; the criterion is formulated in terms of 1-dimensional subschemes of X. In §2.3 we deduce Theorem 1.1 from Theorem 2.5.
In §2.4 we formulate three propositions which imply Theorem 2.5. They are proved in §3-5.
Following Wiesend [W1] , we use the Hilbert irreducibility theorem as the main technical tool. A variant of this theorem convenient for our purposes is formulated in §2.5 (see Theorem 2.15) and proved in Appendix A. In the case of schemes over F p one can use Bertini theorems instead of Hilbert irreducibility (under a tameness assumption, this is explained in §2.6 and Appendix C).
In §6 we give counterexamples showing that in Theorems 2.5 and 2.15 the regularity assumption cannot be replaced by normality.
In Appendix B we show that the category of weakly motivic Q ℓ -sheaves, D mot (X, Q ℓ ), defined in §1.4.2 is stable under all "natural" functors.
In Appendix C we discuss the Bertini theorem and Poonen's "Bertini theorem over finite fields". In Appendix D we justify Remark 1.10 by proving that the union of all CM fields is generated by Weil numbers.
I thank P. Deligne for sending me his letter (March 5, 2007) with a proof of Conjecture 1.3(a). I also thank A. Beilinson, B. Conrad, H. Esnault, O. Gabber, D. Kazhdan, M. Kerz, and M. Kisin for useful discussions, advice, and remarks. In particular, Beilinson communicated to me the counterexample from §6.1.2 and Kerz communicated to me a simple proof of Proposition 2.13.
Formulation of the main technical theorem
Fix a prime ℓ and a finite extension E λ ⊃ Q ℓ . Let O ⊂ E λ denote its ring of integers.
2.1. The sets LS r (X) and LS r (X).
2.1.1. The set LS r (X). Let X be a scheme of finite type over Z[ℓ −1 ]. Say that lisse E λ -sheaves on X are equivalent if they have isomorphic semisimplifications. Let LS r (X) = LS E λ r (X) be the set of equivalence classes of lisse E λ -sheaves on X of rank r. Clearly LS r (X) is a contravariant functor in X.
Example 2.1. Suppose that X has a single point x. If E is an E λ -sheaf on X of rank r then det(1−F x t, E) is a polynomial in t of the form
Let P r (O) be the set of all polynomials of the from (2.1). Thus we get a bijection LS r (X)
2.1.2. The sets |X| and ||X||. Let X be a scheme of finite type over Z. We write |X| for the set of closed points of X. Let ||X|| denote the set of isomorphism classes of pairs consisting of a finite field F and a morphism α : Spec F → X. Associating to such α the point α(Spec F) ∈ |X| one gets a canonical map ||X|| → |X|. The multiplicative monoid of positive integers, N, acts on ||X|| (namely, n ∈ N acts by replacing a finite field F with its extension of degree n). Both ||X|| and |X| depend functorially on X. The map ||X|| → |X| and the action of N on ||X|| are functorial in X.
Remark 2.2. One has a canonical embedding |X| ֒→ ||X|| (given x ∈ |X| take F to be the residue field of x and take α : Spec F → X to be the canonical embedding). Combining the embedding |X| ֒→ ||X|| with the action of N on ||X|| we get a bijection N × |X| ∼ −→ ||X||. Note that the embedding |X| ֒→ ||X|| and the bijection N × |X| ∼ −→ ||X|| are not functorial in X.
2.1.3. The set LS r (X). The set P r (O) from Example 2.1 can be thought of as the set of O-points of a scheme P r (which is isomorphic to (
(1 − β i t) induces an isomorphism (G m ) r /S r ∼ −→ P r , where S r is the symmetric group.
The ring homomorphism Z → End((G m ) r ) defines an action of the multiplicative monoid N on (G m ) r and therefore an action of N on P r . Now let X be a scheme of finite type over Z.
Remark 2.4. By Remark 2.2, restricting an N-equivaraint map ||X|| → P r (O) to the subset |X| ⊂ ||X|| one gets a bijection
It is not functorial in X if the structure of functor on the r.h.s. of (2.2) is introduced naively. Nevertheless, we will use (2.2) in order to write elements of LS r (X) as maps |X| → P r (O). The value of f ∈ LS r (X) at x ∈ |X| will be denoted by f (x) or f x (the latter allows to write the corresponding polynomial (2.1) as f x (t) ).
2.1.4. The map LS r (X) → LS r (X). Let X be a scheme of finite type over Z[ℓ −1 ]. A lisse E λ -sheaf E on X defines an N-equivaraint map f E : ||X|| → P r (O): namely, if F is a finite field equipped with a morphism α : Spec F → X then f E (F, α) ∈ P r (O) is the characteristic polynomial of the geometric Frobenius with respect to F acting on the stalk of α * E. Thus we get a map LS r (X) → LS r (X) functorial in X.
If X red is normal this map is injective by theČebotarev density theorem (see [S, Theorem 7] ). In this case we do not distinguish an element of LS r (X) from its image in LS r (X) and consider LS r (X) as a subset of LS r (X).
2.2. Formulation of the theorem. If X is a separated curve over a field 2 there is a well known notion of tame etale covering and therefore a notion of tame lisse E λ -sheaf ("tame" means "tamely ramified at infinity"). If two lisse E λ -sheaves are equivalent (i.e., have isomorphic semisimplifications) and one of them is tame then so is the other. Let LS tame r (X) ⊂ LS r (X) be the subset of equivalence classes of tame lisse E λ -sheaves.
By an arithmetic curve we mean a scheme of finite type over Z of pure dimension 1.
Theorem 2.5. Let X be a regular scheme of finite type over
]. An element f ∈ LS r (X) belongs to LS r (X) if and only if it satisfies the following conditions:
(i) for every regular arithmetic curve C and every morphism ϕ : C → X one has ϕ * (f ) ∈ LS r (C); (ii) there exists a dominant etale morphism X ′ → X such that for every smooth separated curve C over a finite field and every morphism C → X ′ the image of f in LS r (C) belongs to LS tame r (C).
Remarks 2.6. (i) In Theorem 2.5 the regularity assumption on X cannot be replaced by normality (in §6 we give two counterexamples, in which X is a surface over a finite field). The regularity assumption allows us to use the Zariski-Nagata purity theorem in the proof of Corollary 5.2 and to apply Theorem 2.15.
(ii) I do not know if the regularity assumption in Theorem 1.1 can be replaced by normality. (iii) The sets LS r (X) and LS r (X) were defined in §2.1 for a fixed finite extension E λ ⊃ Q ℓ , so
. Replacing E λ by Q ℓ in these definitions one gets bigger sets, denoted by LS r (X) and LS r (X). If X is a smooth scheme over F p then Theorem 2.5 remains valid for LS r (X) and LS r (X) instead of LS r (X) and LS r (X). This follows from Theorem 2.5 as stated above combined with [De5, Remark 3.10] and Lemma 2.7 below (the remark and the lemma ensure that an element of LS r (X) satisfying conditions (i-ii) from Theorem 2.5 belongs to LS E λ r (X) for some subfield E λ ⊂ Q ℓ finite over Q ℓ ). (iv) Theorem 2.5 and its proof remain valid for regular algebraic spaces of finite type over
2.3. Theorem 2.5 implies Theorem 1.1.
Lemma 2.7. Let G be a group. Let ρ be a semisimple representation of G over E λ of dimension r < ∞ whose character is defined over E λ . Let F ⊂ E λ be any extension of E λ such that [F : E λ ] is divisible by r, r − 1,. . . , 2. Then ρ can be defined over F .
Proof. We can assume that ρ cannot be decomposed into a direct sum of representations of dimension < r whose characters are defined over E λ . Then ρ = i∈I ρ i , where the ρ i 's are irreducible, ρ i ≃ ρ j for i = j, and the action of Gal(
The character of ρ i0 is defined over K. The obstruction to ρ i0 being defined over K is an element u ∈ Br(K) with r ′ u = 0. We claim that
where KF ⊂ E λ is the composite field. To prove this, it suffices to check that
Now let us deduce Theorem 1.1 from Theorem 2.5. Let E, E λ , E λ ′ , and E be as in Theorem 1.1. Then
r (X) and the problem is to show that f ∈ LS F r (X) for some finite extension F ⊃ E λ . Let F ⊃ E λ be any extension of degree r! . Let us show that f ∈ LS ′ is a tame lisse E λ ′ -sheaf on C, and F is a lisse F -sheaf on C compatible with F ′ then F is also tame. Now we can apply Theorem 2.5 and get Theorem 1.1.
2.4.
Steps of the proof of Theorem 2.5. We follow Wiesend's work [W1] (see also the related article [KS1] ). The "only if" statement of Theorem 2.5 is easy. First of all, if E is a torsion-free lisse O-sheaf of rank r then the corresponding f ∈ LS r (X) clearly satisfies (i). Property (ii) also holds for f : choose X ′ so that E/ℓE is trivial and use the fact that the kernel of the homomorphism GL(r, O) → GL(r, O/ℓO) is a pro-ℓ-group, so it cannot contain nontrivial pro-p-subgroups for p = ℓ.
The "if" statement of Theorem 2.5 follows from Propositions 2.12-2.14 formulated below.
Definition 2.8. A pro-finite group is said to be almost pro-ℓ if it has an open pro-ℓ-subgroup.
Remark 2.9. In this case the open pro-ℓ-subgroup can be chosen to be normal.
is the set of all f ∈ LS r (X) satisfying condition (i) from Theorem 2.5 and the following one: there is a closed normal subgroup H ⊂ π 1 (X) such that
is the set of all f ∈ LS r (X) whose restriction to each connected component
The image of LS r (X) in LS r (X) is clearly contained in LS ′ r (X).
Proposition 2.12. Let X be a scheme of finite type over
Proposition 2.12 will be proved in §3 using only standard facts about fundamental groups. The next statement is the key step of the proof of Theorem 2.5. Proposition 2.13. Let X be a regular scheme of finite type over
Proposition 2.14. Let X be a regular scheme of finite type over
Propositions 2.13 and 2.14 will be proved in §4 and §5 using the Hilbert irreducibility theorem.
2.5. Hilbert irreducibility. We prefer the following formulation of Hilbert irreducibility, which is very close to [W1, Lemma 20] or [KS1, Proposition 1.5].
Theorem 2.15. Let X be an irreducible regular scheme of finite type over Z, U ⊂ X a non-empty open subset, H ⊂ π 1 (U ) an open normal subgroup, and S ⊂ X a finite reduced subscheme.
(i) There exists an irreducible regular arithmetic curve C with a morphism ϕ : C → X and a section σ :
* is the tangent space. Then one can find C, ϕ, σ as above so that for each s ∈ S one has Im(T σ(s) C → T s X) = l s .
In Appendix A we deduce Theorem 2.15 from a conventional formulation of Hilbert irreducibility.
Remarks 2.16.
(i) In Theorem 2.15 the regularity assumption cannot be replaced by normality, see Remark 6.1 at the end of §6.
(ii) Theorem 2.15 and its proof remain valid for regular algebraic spaces of finite type over Z.
Proposition 2.17. Let ℓ be a prime such that X ⊗ Z[ℓ −1 ] = ∅. Then Theorem 2.15 remains valid for every closed normal subgroup H ⊂ π 1 (U ) such that π 1 (U )/H is almost pro-ℓ.
Proof. Set G := π 1 (U )/H. It suffices to find an open normal subgroup V ⊂ G with the following property: every closed subgroup K ⊂ G such that the map K → G/V is surjective equals G (then one can apply Theorem 2.15 to V instead of H).
Let V ′ ⊂ G be an open normal pro-ℓ-subgroup and let V ⊂ V ′ be the normal subgroup such that (ii) More generally, suppose that X is a quasiprojective irreducible smooth scheme over F p and U ⊂ X any non-empty open subset. Represent X as an open subvariety of an irreducible normal projective varietyX over F p . Let D 1 , . . . , D n be the irreducible components ofX \ U of dimension dim X − 1. Etale coverings of U tamely ramified at the generic points of D 1 , . . . , D n are classified by π 1 (U )/H, where H is a certain normal subgroup of π 1 (U ). Then Theorem 2.15 remains valid for this H. This follows from Proposition C.1 (see Appendix C).
Remark 2.19. If X is a manifold over F p one can slightly modify the proof of Theorem 2.5. First, by Remarks 2.18, it suffices to prove a weaker version of Proposition 2.12, with LS ′ r (U ) being replaced by the set of all f ∈ LS r (U ) satisfying the following condition: for every nonzero ideal I ⊂ O there exists a surjective finite etale morphism π : U ′ → U such that π * f is trivial modulo I. Another possible modification is indicated in Remark 5.4 below.
3. Proof of Proposition 2.12 (after G. Wiesend) Proposition 2.12 clearly follows from the next lemma, in which condition (ii) is stronger than condition (ii) from Theorem 2.5. The lemma and its proof only slightly differs from [W1, Proposition 17] or [KS1, Proposition 3.6 ].
Lemma 3.1. Let X be a scheme of finite type over Z[ℓ −1 ] and f ∈ LS r (X). Assume that (i) for every regular arithmetic curve C and every morphism ϕ :
Then there is a dense open U ⊂ X such that the image of f in LS r (U ) belongs to LS ′ r (U ). Proof. We can assume that X is reduced, irreducible, and normal. If dim X ≤ 1 the statement is obvious. Now assume that dim X > 1 and the lemma holds for all schemes whose dimension is less than that of X. Replacing X by an open subset we can assume that there is a smooth morphism from X to some scheme S such that the geometric fibers of the morphism are non-empty connected curves. After shrinking S we can assume that one of the following holds:
where π is a smooth projective morphism, X \ D is fiberwise dense in X, and D is finite and etale over S; (ii) S is a scheme over F p and for some n ∈ N the morphism X If we are in situation (ii) then it suffices to prove the statement for X (p n ) instead of X. So we can assume that we are in situation (i). (Another way to conclude that is suffices to consider situation (i) is to use M. Artin's theorem on the existence of "elementary fibrations" [SGA4, exposé XI, Propostion 3.3] .)
We can also assume that the morphism X → S has a section σ : S → X and that σ * (f ) ∈ LS ′ r (S) (otherwise replace S by S ′ and X by X × S S ′ , where S ′ is an appropriate scheme etale over S). Let m ⊂ O be the maximal ideal. For every n ∈ N set G n = GL(r, O/m n ) and consider the functor that associates to an S-scheme S ′ the set of isomorphism classes of tame
It follows from [SGA1, exposé XIII, Corollaries 2.8-2.9] that (i) this functor is representable by a scheme T n etale and of finite type over S, (ii) the morphism T n+1 → T n is finite for each n ≥ 1.
So after shrinking S we can assume that the morphism T n → S is finite for each n. We will prove that in this situation f ∈ LS ′ r (X). By Definition 2.11, to show that f ∈ LS ′ r (X) we have to construct surjective finite etale morphisms X n → X, n ∈ N, so that (a) the image of f in LS r (X n ) is trivial modulo m n , (b) for some (or any) geometric pointx of X, the quotient of the group π 1 (X,x) by the intersection of the kernels of its actions on the fibers (X n )x, n ∈ N, is almost pro-ℓ.
Since
we have a sequence of surjective finite etale morphisms S n → S, n ∈ N, that satisfies the analogs of (a) and (b) for S. On the other hand, we will construct surjective finite etale morphisms Y n → X, n ∈ N, with the following properties: ( * ) for every geometric points → S, every tame locally constant sheaf of r-dimensional free (O/m n )-modules on the fiber Xs has constant pullback to (Y n )s; ( * * ) for some (or any) geometric pointx of X, the quotient of the group π 1 (X,x) by the intersection of the kernels of its actions on the fibers (Y n )x, n ∈ N, is almost pro-ℓ. Then we can take X n := S n × S Y n .
To construct Y n , consider the universal G n -torsor T n → T n × S X. Now set Y n := Res(T n ), where
Res : {schemes over T n × S X} → {schemes over X} is the Weil restriction functor. In other words, Y n is the scheme over X such that for any X-scheme X ′ one has
The fiber of Y n over any geometric points → S equals the fiber product of the G n -torsors over Xs corresponding to all points of (T n )s, so Y n has property ( * ). We will show that property ( * * ) also holds. Let η ∈ S be the generic point andη → η a geometric point. In property ( * * ) we takex to be the compositionη → η ֒→ S σ −→ X. Let π t 1 (X η ,x) denote the tame fundamental group ("tame" means "tamely ramified along D η "). Let H n ⊂ π t 1 (X η ,x) be the kernel of the action of π t 1 (X η ,x) on (X n )x. Since X was assumed normal the map π 1 (X η ,x) → π 1 (X,x) is surjective, so to prove property ( * * ) it suffices to check that the quotient π
We have an exact sequence
and a splitting σ * : Γ → π t 1 (X η ,x). Thus π t 1 (X η ,x) identifies with the semidirect product Γ ⋉ K. The subgroup H n ⊂ π t 1 (X η ,x) identifies with Γ n ⋉ K n , where K n is the intersection of the kernels of all homomorphisms K → GL(r, O/m n ) and Γ n is the kernel of the action of Γ on K/K n . The group K is topologically finitely generated, so the group
remains to show that the quotient Γ/ n Γ n is almost pro-ℓ. Since
show that the group Aut K ′ equipped with the compact-open topology is an almost pro-ℓ-group. This follows from the fact that K ′ is topologically finitely generated and almost pro-ℓ. Indeed, if V ⊂ K ′ is the maximal open normal pro-ℓ-subgroup then the automorphisms of K ′ that act as identity on the finite groups K ′ /V and H 1 (V, Z/ℓZ) form an open pro-ℓ-subgroup of Aut K ′ .
Remark 3.2. Suppose that X is irreducible. Lemma 3.1 says that for each f ∈ LS r (X) satisfying certain conditions there exists a non-empty open U ⊂ X and a normal subgroup H ⊂ π 1 (X) such that f | U saitisfies the condition from Definition 2.11. The proof of Lemma 3.1 shows that one can choose U and H to be independent of f . This is not surprising: Theorem 2.5 will show that one can take U to be the set of regular points of X red and H to be the intersection of the kernels of all homomorphisms π 1 (X) → GL(r, O) satisfying a tameness condition.
Proof of Proposition 2.13 (after Moritz Kerz)
We can assume that X is irreducible. The problem is to show that if f ∈ LS ′ r (X) then f ∈ LS r (X), i.e., f comes from a representation ρ : π 1 (X) → GL(r, E λ ). The original proof of Proposition 2.13 can be found in version 5 of the e-print [Dr] (the idea was to first construct the character of ρ using elementary representation theory and a compactness argument). The simpler proof given in §4.1-4.2 is due to M. Kerz. In §4.3 we give a variant of his proof, in which Lemma 4.3 is replaced with a compactness argument.
Recall that the set of closed points of X is denoted by |X|. For each x ∈ |X| we have the geometric Frobenius F x , which is a conjugacy class in π 1 (X). 4.1. Constructing a representation of π 1 (X). Let H ⊂ π 1 (X) be a closed normal subgroup satisfying properties (a)-(b) from Definition 2.11 with respect to our f ∈ LS ′ r (X). By Proposition 2.17, there exists an irreducible regular arithmetic curve C with a morphism ϕ : C → X such that the map ϕ * : π 1 (C) → π 1 (X)/H is surjective. Take any such pair (C, ϕ). Then ϕ * (f ) comes from a semisimple representation ρ C : π 1 (C) → GL(r, E λ ). After an appropriate conjugation, ρ C becomes a homomorphism π 1 (C) → GL(r, O).
Lemma 4.1. Ker ρ C ⊃ H C , where H C := Ker(ϕ * : π 1 (C) → π 1 (X)/H).
Proof. Since ρ C is semisimple and H C is normal the restriction of ρ C to H C is semismple. So it remains to show that ρ C (h) is unipotent for all h ∈ H C . Property (b) from Definition 2.11 implies that for every nonzero ideal I ⊂ O there exists an open normal subgroup U I ⊂ π 1 (C) such that for every c ∈ |C| with F c ∈ U I the polynomial det(1 − tρ C (F c )) is congruent to (1 − t) r modulo I. So byČebotarev density and continuity of ρ C ,
But H C is contained in each of the U I 's, so (4.1) implies that ρ C (h) is unipotent for all h ∈ H C .
By Lemma 4.1, we can consider ρ C as a homomorphism π 1 (X)/H → GL(r, O). By construction, the equality
holds if x ∈ ϕ(|C|) and ϕ −1 (x) contains a point whose residue field is equal to that of x. To prove Proposition 2.13, we will now show that (4.2) holds for all x ∈ |X|.
Using a lemma of Faltings.
Remark 4.2. The proof of Proposition 2.17 shows that the group π 1 (X)/H = π 1 (C)/H C is topologically finitely generated.
Lemma 4.3.
(i) There exists a finite subset T ⊂ |C| such that any semisimple representations ρ 1 , ρ 2 : π 1 (C)/H C → GL(r, E λ ) with Tr ρ 1 (F c ) = Tr ρ 2 (F c ) for all c ∈ T are isomorphic.
(ii) If C is flat over Z this is true for π 1 (C) instead of π 1 (C)/H C .
Proof. Statement (ii) is due to Faltings (see [Fa, Satz 5] or [De4, Theorem 3.1]). The proof of (ii) uses only the finiteness of the set of homomorphisms from π 1 (C) to any fixed finite group (which holds if C is flat over Z). So by Remark 4.2, the same argument proves (i).
Let T be as in Lemma 4.3(i). We have to show that (4.2) holds for any x ∈ |X|. By Proposition 2.17, there exists an irreducible regular arithmetic curve C ′ with a morphism ϕ ′ : C ′ → X such that the map ϕ ′ * : π 1 (C ′ ) → π 1 (X)/H is surjective and for each y ∈ T ∪ {x} there exists a point z ∈ (ϕ ′ ) −1 (y) whose residue field is equal to that of y. Applying the argument of §4.1 to (C ′ , ϕ ′ ) we get a semisimple representation ρ C ′ : π 1 (X)/H → GL(r, E λ ) such that det(1 − tρ C (F y )) = f y (t) for each y ∈ T ∪ {x}. By the above choice of T , this implies that the representations π 1 (C) → GL(r, E λ ) corresponding to ρ C and ρ C ′ are isomorphic. So ρ C ≃ ρ C ′ and therefore det(1 − tρ C (F x )) = f x (t), QED. 4.3. Using a compactness argument. Instead of referring to the lemma of Faltings, one can finish the proof of Proposition 2.13 as follows. We have to prove the existence of a homomorphism ρ :
for all x ∈ |X|. By Remark 4.2, the group π 1 (X)/H is topologically finitely generated. So the set
Hom(π 1 (X)/H, GL(r, O/I)) equipped with the topology of projective limit is compact. For each x ∈ |X| let Z x ⊂ Z denote the set of all homomorphisms ρ : π 1 (X)/H → GL(r, O) satisfying (4.3). Then each Z x is a closed subset of Z. We have to show that the intersection of these subsets is non-empty. But Z is compact, so it suffices to prove that for any finite subset S ⊂ |X| the set (4.4) x∈S Z x is non-empty. By Proposition 2.17, there exists an irreducible regular arithmetic curve C with a morphism ϕ : C → X and a scheme-theoretical section S → X such that the map ϕ * : π 1 (C) → π 1 (X)/H is surjective. The set (4.4) contains the homomorphism ρ C : π 1 (X)/H → GL(r, O) constructed in §4.1, so it is non-empty. * with the following property:
(⋆) if C ⊂ Xx is any regular 1-dimensional closed subscheme tangent to l such that C ⊂ Dx then the pullback of π :
Herex is a a geometric point corresponding to x and Xx, Dx are the strict Henselizations.
Proof. We will show that at least one of the following statements (a) and (b) is true: Let I ⊂ G be the inertia subgroup at the generic point of D. To prove that (a) or (b) holds, we can replace X by any scheme X ′ etale over X with D × X X ′ = ∅ and replace Y by Y × X X ′ . So we can assume that I = G. Then G is solvable (because I is). So we can assume that |G| is a prime number p (otherwise replace Y by Y /H, where H ⊂ G is a normal subgroup of prime index).
LetȲ be the normalization of X in the ring of fractions of Y . We have a finite morphismπ :Ȳ → X and an action of G onȲ such thatȲ /G = X. After shrinking X we can assume thatȲ is regular.
SetD := (π −1 (D)) red . The assumption I = G means that the action of G onD is trivial and the morphismπ D :D → D is purely inseparable. Let e 1 be its degree and let e 2 be the multiplicity ofD in the divisorπ −1 (D). Then e 1 e 2 = |G| = p, so e 1 equals 1 or p. Case 1: e 1 = 1, e 2 = p. Let us show that (a) holds for U = D. Since e 1 = 1 the morphismπ D :D → D is an isomorphism. So if l is as in (a) and C ⊂ Xx is any regular 1-dimensional closed subscheme tangent to l then TxC is transversal to the image of the tangent map Tπ−1 (x)Ȳ → T x X. Therefore C × XȲ is regular. On the other hand, the fiber ofπ overx has a single point. So the pullback of π : Y → X \ D to C \ {x} is indeed ramified atx.
Case 2: e 1 = p, e 2 = 1. Then D andD are varieties over F p . After shrinking X we can assume that D andD are smooth and the differential of the morphismπ D :D → D has constant corank δ. Since e 1 = p one has δ = 1. The images of the differential ofπ D at various points ofD form a vector subbundle of (T D) × DD of codimension 1. Let F ⊂ T D be its image; then F is a conic closed subset. We will show that (b) holds for this F . Let x ∈ D be a closed point and H x := Im (Tπ−1 (x)Ȳ → T x X). Since δ = 1 and e 2 = 1 one has codim H x = 1 . So if l is as in (b) then l is transversal to H x . Now one can finish the argument just as in Case 1.
Corollary 5.2. Let X be a regular scheme of finite type over Z[ℓ −1 ] and U ⊂ X a dense open subset. Let E a lisse E λ -sheaf on U . Suppose that E does not extend to a lisse E λ -sheaf on X. Then there exists a closed point x ∈ X \ U and a 1-dimensional subspace l ⊂ T x X with the following property: ( * ) if C is a regular arithmetic curve, c ∈ C a closed point, and ϕ : (C, c) → (X, x) a morphism with ϕ −1 (U ) = ∅ such that the image of the tangent map T c C → T x X ⊗ kx k c equals l ⊗ kx k c then the pullback of E to ϕ −1 (U ) is ramified at c.
(Here k x and k c are the residue fields.)
Proof. By the Zariski-Nagata purity theorem [SGA2, exposé X, Theorem 3.4 ], E is ramified along some irreducible divisor D ⊂ X, D ∩ U = ∅. Now use Lemma 5.1.
5.2.
Proof of Proposition 2.14. Proposition 2.14 is equivalent to the following lemma.
Lemma 5.3. Let X be be a regular scheme of finite type over Z[ℓ −1 ]. Let U ⊂ X be a dense open subset, E U a semisimple lisse E λ -sheaf on U , and f U ∈ LS r (U ) ⊂ LS r (U ) the class of E U . Let f ∈ LS r (X) be such that f | U = f U and ϕ * (f ) ∈ LS r (C) for every regular arithmetic curve C and every morphism ϕ : C → X. Then
Proof. (i) Assume the contrary. We can assume that X is irreducible. Choose a closed point x ∈ X \ U and a 1-dimensional subspace l ⊂ TxX satisfying property ( * ) from Corollary 5.2. Let H ⊂ π 1 (U ) be the kernel of the representation ρ : π 1 (U ) → GL(r, E λ ) corresponding to E. The group π 1 (U )/H ≃ Im ρ has an open pro-ℓ-subgroup, so by Proposition 2.17, there is an irreducible regular arithmetic curve C with a closed point c ∈ C whose residue field is isomorphic to that of x and a morphism ϕ : (C, c) → (X, x) such that ϕ −1 (U ) = ∅, the homomorphism ϕ * : π 1 (ϕ −1 (U )) → π 1 (U )/H is surjective, and the image of the tangent map T c C → T x X equals l. The surjectivity of ϕ * : π 1 (ϕ −1 (U )) → π 1 (U )/H implies that the pullback of E to ϕ −1 (U ) is semisimple. So the assumptions on f ensure that the pullback of E to ϕ −1 (U ) has no ramification at c. This contradicts property ( * ) from Corollary 5.2.
(ii) Let f ? ∈ LS(X) ⊂ LS r (X) be the class of E. We have to show that f ? (x) = f (x) for every closed point x ∈ X. Choose a triple (C, c, ϕ), where C is a regular arithmetic curve, c ∈ C is a closed point whose residue field is isomorphic to that of x and ϕ : (C, c) → (X, x) is a morphism such that
Remark 5.4. If X is over F p then in the proof of Lemma 5.3(i) the surjectivity of ϕ * : π 1 (ϕ −1 (U )) → π 1 (U )/H is not essential. Indeed, for our purpose it suffices to know that the pullback of E to ϕ −1 (U ) is geometrically semisimple, and this follows from [De3, Theorem 3.4.1 (iii) ] combined with [De3, Remark 1.3.6] and [Laf, Proposition VII.7 (i) )].
Counterexamples
In this section we give two examples showing that in Theorem 2.5 the regularity assumption on X cannot be replaced by normality. In both of them one has a normal scheme X of finite type over Z[ℓ −1 ] with a unique singular point x 0 ∈ X and a desingularization π :X → X inducing an isomorphsim
One also has an element f ∈ LS r (X) such that π * f ∈ LS r (X) ⊂ LS r (X) but f / ∈ LS r (X). In the first example f / ∈ LS r (X) because the semisimple lisse E λ -sheaf E onX corresponding to π * f does not descend to X. In the second example E is constant and therefore descends to X, but f (x 0 ) is "wrong". In both examples the key point is that (π −1 (x 0 )) red is not normal.
6.1. First example.
6.1.1. The idea. Let X, x 0 , and π :X → X be as above. Let C := (π −1 (x 0 )) red . Let i : C ֒→X be the embedding.
Now let E be an E λ -sheaf onX of rank r. It defines an element f E ∈ LS r (X). Suppose that (a) E is semisimple; (b) i * E is not geometrically constant; (c) for every c ∈ |C| the polynomial f (c) ∈ P r (O) equals the "trivial" polynomial (1 − t) r ∈ P r (O).
Define f ∈ LS r (X) as follows: f | X\{x0} := f E | X\{x0} and f (x 0 ) is the polynomial (1 − t) r ∈ P r (O). Then it is easy to see that f satisfies the conditions of Theorem 2.5 but f / ∈ LS r (X). It remains to construct X,X, π, E with the above properties. Note that C cannot be normal: otherwise (c) would imply (b) byČebotarev density. 6.1.2. A construction of X,X, π, E for r = 1. The following construction was communicated to me by A. Beilinson.
Let n ∈ N. Over F q consider the curve P 1 × (Z/nZ) (i.e., a disjoint union of n copies of P 1 ). Gluing (∞, i) ∈ P 1 × (Z/nZ) with (0, i + 1) ∈ P 1 × (Z/nZ) for all i ∈ Z/nZ one gets a curve C n equipped with a free action of Z/nZ. At least, if n = 3 or n = 4 it is easy to embed C n into a smooth quasiprojective surfaceŶ over F q so that the action of Z/nZ on C n extends toŶ (takeŶ = P 2 if n = 3 andŶ = P 1 × P 1 if n = 4). We can assume that the action of Z/nZ onŶ is free (otherwise replaceŶ by an open subset). We can also assume that the intersection matrix of the curve C n ⊂Ŷ is negative definite (otherwise pick a sufficiently big (Z/nZ)-stable finite reduced subscheme S of the nonsingular part of C n and replacê Y by its blow-up at S). Blowing down C n ⊂Ŷ we get an algebraic surface 4 Y with a unique singular point y 0 . Now letX and X be the quotients ofŶ and Y by the action of Z/nZ. The morphismŶ → Y induces a birational morphism π :X → X. Since the action of Z/nZ onŶ is free the surfaceX is smooth. Finally, let E be the rank 1 local system onX corresponding to the (Z/nZ)-torsorŶ →X and a nontrivial character Z/nZ → Q × ℓ .
6.2. Second example. LetŶ , Y and y 0 be as in §6.1.2. Let α ∈ H 1 (F q , Z/nZ), α = 0. The group Z/nZ acts on (Ŷ , Y, y 0 ). Now let (X, X, x 0 ) denote the form of (Ŷ , Y, y 0 ) corresponding to α. Then (a) X is a normal surface over F q , x 0 ∈ X(F q ) is a singular point, andX is a desingularization of X; (b) the residue field of any closed point of the preimage of x 0 inX contains F q m , where m > 1 is the order of α. Now we will define an element f ∈ LS 1 (X), i.e., a function f : |X| → O × , where O ⊂ E λ is the ring of integers. Namely, set
where ζ ∈ O, ζ m = 1, ζ = 1 (we assume that E λ is big enough so that ζ exists). Properties (a)-(b) above imply that f satisfies the conditions of Theorem 2.5 but f / ∈ LS 1 (X).
Remark 6.1. Property (b) implies that there are no nonconstant morphisms (C, c) → (X, x 0 ) with C being a smooth curve over F q and c ∈ C(F q ). So Theorem 2.15 does not hold for our surface X and S = {x 0 }, and Lemma A.6 does not hold for the local ring of X at x 0 . Therefore in Theorem 2.15 and Lemma A.6 the regularity assumption cannot be replaced by normality.
Appendix A. Proof of Theorem 2.15
We follow the proof of [Bl, and [W1, Lemma 20] (with slight modifications).
4 Since our ground field is finite, this surface is a quasiprojective scheme rather than merely an algebraic space, see [Ar, Theorem 4.6].
A.1. A conventional formulation of Hilbert irreducibility. Let k be a global field, i.e., a finite extension of either Q or F p (t). The following version of the Hilbert irreducibility theorem is proved in [Lang2, Ch. 9, Theorem 4.2] and in [FJ, Ch. 13, Proposition 13.4 .1].
Theorem A.1. Let U be an open subscheme of the affine space A n k . LetŨ be an irreducible scheme finite and etale over U . Let U (k) Hilb ⊂ U (k) denote the set of those k-points of U that do not split inŨ . Then U (k) Hilb = ∅. Moreover, for every finitely generated subring R ⊂ k with field of fractions k one has U (k) Hilb ∩ R n = ∅.
Let T be a finite set of nonarchmidean places of k. Set
where k v is the completion of k. The topology onk induces a topology on the set ofk-points of any algebraic variety over k. The following corollary of Theorem A.1 is standard.
Corollary A.2. In the situation of Theorem A.1 the image of U (k) Hilb in U (k) is dense.
Proof. We follow the proof of [Lang2, Ch. 9, Corollary 2.5]. Let R ⊂ k be a finitely generated subring with field of fractions k such that |x| v ≤ 1 for all x ∈ R, v ∈ T . Choose a nonzero π ∈ R so that |π| v < 1 for all v ∈ T . Then every nonempty open subset ofk n contains a subset of the form
A.2. Bloch's lemmas. We follow [Bl, §3] (with minor modfications).
Lemma A.3. Let k and T be as in §A.1. Let V be an irreducible smooth k-scheme andṼ an irreducible scheme finite and etale over V . Then for any non-empty open subset W ⊂ V (k) there exists a finite extension k ′ ⊃ k equipped with a k-morphism k ′ →k and a point α ∈ V (k ′ ) such that α does not split iñ V and the image of α in V (k) belongs to W . 
is nonempty and open. So by Corollary A.2, it contains a point β ∈ U (k) that does not split inṼ . Let V ′ β be the fiber of V ′ → U over β. Since β does not
On the other hand, the embedding V ′ β ֒→ V defines a point α ∈ V (k ′ ). Clearly k ′ , f , and α have the desired properties.
Let k, T , andk be as in §A.1.
If T = ∅ then O is a semilocal ring whose completion equalsÔ, and if T = ∅ then O = k. Let A be an etalek-algebra (i.e., A is a product of fields each of which is a finite separable extension of one of the fields k v , v ∈ T ). LetÔ A ⊂ A be the integral closure ofÔ in A. 
and let I ⊂Ô A be an open ideal. Then there exists a finite extension k ′ ⊃ k equipped with a k-morphism
Proof. By weak approximation, there exists a finite extensionk ⊃ k and a finite setT of nonarchimedian places ofk such that A = 
is co-Cartesian in the category of all schemes.
A.3. On regular local rings. In this subsection we prove Lemma A.6, which will be used in §A.4.
Lemma A.5. Let R be a ring and J ⊂ R an ideal. Let p 1 , . . . , p n be prime ideals not containing J. Then for every r 0 ∈ R there exists r ∈ r 0 + J such that r / ∈ p i for each i.
Proof. We can assume that p i ⊂ p j for i = j. By induction, we can also assume that r / ∈ p i for i < n. By assumption, Jp 1 . . . p n−1 ⊂ p n . Let u ∈ Jp 1 . . . p n−1 , u ∈ p n . Then set r := r 0 + u if r 0 ∈ p n and r := r 0 if r 0 ∈ p n . Lemma A.6. Let R be a regular local ring with maximal ideal m. Let l ⊂ (m/m 2 ) * be a 1-dimensional subspace and D ⊂ Spec R a divisor. Then there is a regular 1-dimensional closed subscheme C ⊂ Spec R tangent to l such that C ⊂ D.
Proof. It suffices to show that if dim R > 1 then there is a regular closed subscheme Y ⊂ Spec R such that Y ⊂ D and the tangent space of Y at its closed point contains l (then one can replace Spec R with Y and proceed by induction).
To construct Y , choose r 0 ∈ m so that the image of r 0 in m/m 2 is nonzero and orthogonal to l. By Lemma A.5, there exists r ∈ r 0 + m 2 such that r does not vanish on any irreducible component of D. Now set Y := Spec R/(r).
Note that in Lemma A.6 and Theorem 2.15 the regularity assumption cannot be replaced by normality, see Remark 6.1 at the end of §6.
A.4. Proof of Theorem 2.15. LetŨ be the covering of U corresponding to H ⊂ π 1 (U ). Then the surjectivity condition in Theorem 2.15(i) means that C × XŨ is irreducible. Let us consider two cases.
A.4.1. The case where X ⊗ Q = ∅. If S = ∅ then applying Lemma A.4 for k = Q, T = ∅, and Y = V = U ⊗ Q one gets a finite extension k ′ ⊃ Q and a point α ∈ U (k ′ ) that does not split inŨ . Then it remains to choose C and ϕ : C → X so that the generic point of C equals Spec k ′ and the restriction of ϕ to Spec k ′ equals α. If S = ∅ then apply Lemma A.4 to the following k, T , Y , V , A, α 0 , and I. As before, set k = Q. Define T to be the image of S in Spec Z; then the ring O defined by (A.1) is the ring of rational numbers whose denominators do not contain primes from T . Set Y := X ⊗ O, V := U ⊗ Q.
To define A, α 0 , and I, proceed as follows. LetÔ X,s denote the completed local ring of X at s ∈ S. Lemma A.6 and the regularity assumption 5 on X allow to choose for each s ∈ S a 1-dimensional regular closed subschemeĈ s ⊂ SpecÔ X,s tangent to l s such thatĈ s × X U = ∅ andĈ s ⊗ Q = ∅. LetÔ A be the ring of regular functions on A.4.2. The case where X is over F p . After shrinking U we can assume that there is a smooth morphsim t : U → P 1 , where
Fp . Just as in §A.4.1, we will apply Lemma A.4 for certain k, T , Y , V , A, α 0 , and I. Take k to be the field of rational functions on P 1 and let V be the generic fiber of t : U → P 1 . Choose formal curvesĈ s as in §A.4.1 but instead of requiringĈ s ⊗ Q = ∅ require the pullback of dt toĈ s to be nonzero. Define A, O A , I, and the morphism (A.2) just as in §A.4.1.
It remains to define T , Y , and α 0 . The rational map t : Spec A → P 1 extends to a regular map
Let T ⊂ P 1 be the image of the composition S ֒→ Appendix B. Weakly motivic Q ℓ -sheaves and Q ℓ -complexes
In §1.4.2 we defined the category of weakly motivic Q ℓ -sheaves Sh mot (X, Q ℓ ) and the category of weakly motivic Q ℓ -complexes D mot (X, Q ℓ ), see Definition 1.8. These are full subcategories of the corresponding mixed categories Sh mix (X, Q ℓ ) and D mix (X, Q ℓ ), see Remark 1.9(i). In this appendix we show that the category D mot (X, Q ℓ ) is stable under all "natural" functors (similarly to the well known results about D mix ).
Lemma B.1. Let f : X → Y be a morphism between schemes of finite type over F p . Suppose that a Q ℓ -sheaf M on X has the following property: the eigenvalues of the geometric Frobenius acting on each stalk of M are algebraic numbers which are units outside of p. Then this property holds for the sheaves 
Proof. (i) Combine Lemma B.1 with Theorem 3.3.1 from [De3] , which says that
(ii) Combine Lemma B.1 with Theorem 6.1.2 from [De3] , which says that f * maps D mix (X, Q ℓ ) to D mix (Y, Q ℓ ). Alternatively, one can deduce (ii) from (i) using the same argument as in Deligne's proof of the above-mentioned theorem (see [De3, Theorem 6.1.2] or [KW, ch. II, Theorem 9.4] ).
(iii) For f * the statement is obvious. For f ! it follows from (ii), just as in the proof of [De2, Corollary 1.5].
Theorem B.4. For any scheme X of finite type over F p , the full subcategory D mot (X, Q ℓ ) ⊂ D(X, Q ℓ ) is stable with respect to the functor ⊗, the Verdier duality functor D, and the internal Hom functor.
Proof. The statement for ⊗ is obvious. The other two statements follow from Theorem B.3, just as in [KW, §II.12] and in the proof of [De2, Corollary 1.6].
Definition B.5. Say that two invertible Q ℓ -sheaves A and A ′ on Spec F p are equivalent if A ′ A −1 is weakly motivic. Let S denote the set of equivalence classes.
Remark B.6. The set S equipped with the operation of tensor product is an abelian group. It is easy to see that the abelian group S is a vector space over Q.
Theorem B.7. Let π : X → Spec F p be a morphism of finite type. For any invertible
Proof. (i) Let us prove that the triangulated category D(X, Q ℓ ) is generated by the subcategories D A (X, Q ℓ ). Clearly the triangulated category D(X, Q ℓ ) is generated by objects of the from i ! E, where i : Y ֒→ X is a locally closed embedding with Y normal connected and E is an irreducible lisse Q ℓ -sheaf on Y . So it remains to show that for any such Y and E there exists an invertible Q ℓ -sheaf A on Spec F p such that E ⊗ π * A −1 is weakly motivic. By [De3, §1.3.6] , there exists A such that the determinant of E ⊗ π * A −1 has finite order. Since E ⊗ π * A −1 is an irreducible lisse Q ℓ -sheaf whose determinant has finite order it is weakly motivic (and pure) by a result of Lafforgue [Laf, Proposition VII.7] .
(ii) It remains to show that the subcategories D A (X, Q ℓ ) are orthogonal to each other. In other words, we have to prove that if
and π * Hom(M 1 , M 2 ) is weakly motivic by Theorems B.4 and B.3(ii) . So if the r.h.s. of (B.2) is nonzero then A has to be weakly motivic.
As before, we write Sh(X, Q ℓ ) for the category of Q ℓ -sheaves on X. Let Perv(X, Q ℓ ) ⊂ D(X, Q ℓ ) denote the category of perverse Q ℓ -sheaves.
Corollary B.8. One has
where S is as in Definition B.5.
for any connected etale covering W → Y \ F tamely ramified along the irreducible components of F \ F ′ the scheme W × Y C is connected. Moreover, given closed points y i ∈ Y \ F ′ and 1-dimensional subspaces l i ⊂ T yi Y , 1 ≤ i ≤ m, one can choose C so that y i ∈ C and T yi C = l i for all i ∈ {1, . . . , m}.
The proof is given in § §C.1-C.2 below. C.1. Applying a geometric Bertini theorem. We will use the notation Pol n for the set of homogeneous polynomials in n + 1 variables over F q (of all possible degrees). The scheme of zeros of f ∈ Pol n in P n Fq will be denoted by V (f ). Lemma C.2. Let Y , F , and F ′ be as in Proposition C.1. Let C := Y ∩ V (f 1 ) ∩ . . . V (f d−1 ), where f 1 , . . . , f d−1 ∈ Pol n . Suppose that C is a smooth curve contained in Y \F ′ and meeting F \F ′ transversally. Then for any connected etale covering W → Y \ F tamely ramified along the irreducible components of F \ F ′ the scheme W × Y C is connected.
Proof. Let W ⊃ W be the normalization of Y in the field of rational functions on W . We can assume that the field of constants of W equals F q (if it equals F q n then consider W as a covering of Y ⊗ F q n ). Then W and W are absolutely irreducible. So by Theorem 2.1(A) from [FL] (which is a Bertini theorem), W × Y C is (geometrically) connected. On the other hand, the tameness and transversality assumptions imply that W × Y C is smooth. So any open subset of W × Y C is connected. In particular, W × Y C is connected.
C.2. Applying Poonen's theorem. Lemma C.2 shows that to prove Proposition C.1, it suffices to construct f 1 , . . . , f d−1 ∈ Pol n such that Y ∩ V (f 1 ) ∩ . . . V (f d−1 ) is a smooth curve contained in Y \ F ′ , meeting F \ F ′ transversally, and passing through the points y i in the given directions l i . By induction, it suffices to prove the following statement. Proof. Let A denote the set of f ∈ Pol n satisfying our conditions with a possible exception of the condition
Let B ⊂ Pol n be the set of f ∈ Pol n such that (C.1) does not hold (i.e., such that f vanishes on some irreducible component of F ′ of dimension d − 2). We have to show that A \ B = ∅. In fact, A \ B has positive density in the sense of [Po, §1] . If d = 2 this directly follows from [Po, Theorem 1.3] (because F ′ is finite). If d > 2 then B has density 0; on the other hand, A has positive density by [Po, Theorem 1.3] .
Appendix D. Weil numbers and CM-fields
In this appendix we justify Remark 1.10. D.1. Formulation of the result. Fix an algebraic closure Q ⊃ Q. Let R ⊂ Q be the maximal totally real subfield. Let C ⊂ Q be the union of all CM-subfields.
6 Then C = R( √ −d) for any totally positive d ∈ R.
Let p be a prime and q a power of p. A number α ∈ Q is said to be a Weil number if it is a unit outside of p and there exists n ∈ Z such that all complex absolute values of α equal q n/2 .
Theorem D.1. The subfield of Q generated by all Weil numbers equals C.
The fact that all Weil numbers are in C is easy and well known (e.g., see [Ho, Proposition 4] ). So Theorem D.1 follows from the next proposition, which will be proved in §D.2. Proposition D.2. Any CM-field K 0 is contained in a CM-field K which is generated by Weil numbers in K.
D.2. Proof of Proposition D.2.
Lemma D.3. Let K be a CM-field and k ⊂ K a totally real subfield. Suppose that there exists a place p of k and a place p ′ of K such that p|p, p ′ |p, and the map k p → K p ′ is an isomorphism. Then Weil numbers in K generate K over k.
Proof. Since the ideal class group of K is finite there exists a ∈ K such that |a| p ′ < 1 and all other nonarchimedean absolute values of a equal 1. In particular, |ā| p ′ = |a|p′ = 1 (note that the assumption K p ′ = k p implies thatp ′ = p ′ ). The number α := a/ā is a Weil number. LetK ⊂ K be the subfield generated by α over k. We will show thatK = K.
Letp be the place ofK corresponding to p ′ . Then p ′ is the only place of K overp (this follows from the fact that |α| p ′ < 1 and all other nonarchimedean absolute values of α are ≥ 1). On the other hand,
Proof of Proposition D.2. Let K 0 be a CM-field. There exists a finite extension F ⊃ Q p such that K 0 admits an embedding i : K 0 ֒→ F . Fix F and i. By weak approximation, there exists a totally real field k with k ⊗ Q p = Q p × F . Note that both k and K 0 are subfields of F . The composite field K 1 := k · K 0 ⊂ F is a CM-field. Applying Lemma D.3 to the place of K 1 corresponding to the embedding K 1 ֒→ F , we see that Weil numbers in K 1 generate K 1 over k.
On the other hand, let d ∈ k be a totally positive element such that the Q p -algebra k( √ −d) ⊗ Q p has Q p as a factor. Then by Lemma D.3, Weil numbers in k(
Then K is a CM-field such that Weil numbers in K generate K over Q.
